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Abstract. We investigate the low-temperature phase diagram of the three-dimensional Ising
model under an external layered magnetic fiéld,For » = 2 we observe that there exists an
infinite number of layered ground states and we prove that, at low temperatures, the external
Gibbs state (the ‘bilayer’ phase) is unique. Por 2 there exists two ferromagnetic ground
states. Moreover, there exists in the plafie/) an open line of phase coexistence between the
‘bilayer’ phase and the+’ and ‘-’ ferromagnetic phases.

1. Introduction

The spin% Ising model under a layered magnetic field has been used to study the observed
features of*He crystal shape evolution [3]. The model is described by the usual Ising
Hamiltonian combined with a term representing the layered magnetic field. Namely,

H=Hy+H =—Za,-0j—h[20,-—20,-] (1.1)
(i, J) i€A; i€
where
Hoz—Za,-aj—Z[ZUi—Zo,} and HHI—M[ZUI'—ZO’,}
W ichs ichs iehs ichs

where,u = h — 2 and the sitéd = (x', y',z') € Z% and A1 (resp.A,) is defined by the

set of sitesi for which z’ is odd (resp. even) ang; = &1 are the Ising spins. The first
sum in (1.1) is over all nearest neighbours and the two last sums are over sites of the two
different sublattices with opposite magnetic fields. We observe that the model under study
is similar to the anisotropic nearest neighbour Ising (ANNI) model already studied, in the
case of ferromagnetic interactions by Fisher [1], and Griffiths and Weng [2]. Indeed the
ANNI model with competing interactions can be obtained from the formula (1.1) by using
the transformation:

{oi}iea, tO {=Si}iea, and {oi}iea, tO {Si}ica,-

Namely,

H=- Y 585+ Y SS—h) S

(i.j)eA1 or Ay (i,j)/ieAy and jeA, ieA
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We recall that the two-dimensional spgﬂsing model in a layered magnetic field
was studied in [4], by using the finite size scaling analysis, where the phase diagram
contains the two coexistence ferromagnetic phases ¢hd ‘—’) and the bilayer phase
(which corresponds to the spin in successive layers being alternativelgrid ‘—’, i.e.

+ —+4+—+4—---). On this phase diagramsecondorder phase transition line between the
ferromagnetic phases and the bilayer phase was shown.

Our purpose in this paper is to study the three-dimensional case by the low-temperature
rigourous methods and to prove that the model exhibits a low-tempefattrerder phase
transition line between the ferromagnetie-(‘and ‘—") phases and the ‘bilayer’ phase.

We first notice that the Hamiltonia®, has an infinite number of ground states. For
example, if we take the)-ground state (corresponding to site= +1, Vi € A1 U Ay)
and flipping all the spins in an arbitrary number of planes of tgpave get another ground
state (cf figures H) and @)). The number of degeneracy is.2/? — 1] whereL is the
size of the lattice. The reason is that, if all the spins of a plane of kinére up (resp. if
those of kindA, are down) the spin of the two planes setting strictly over and under and
which are of kindA; (resp. which are kind\,) are arbitrary. The term—1’ appeared in
the number of degeneracy because of the bilayer structure. Therefore the question is: How
many phases does the model, with the Hamiltonifn have at non-zero temperatures? A
partial answer will be given by considering the single-site excitations which are obtained

(a)

Figure 1. A type of ground state of the model fér = 2: taking a ¢)-ground state (resp.
(—)-ground state) and changing any plan @f){spins of kindA, (resp. any plan of-{)-spins
of kind Aj) do not cost any energy. The ‘bilayer’ ground state is illustrated)n (
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Table 1. Single-site excitations.

Type of a single-site excitation Energy of the excitation
Type 1 z-axist A2 + Az +
A+ + + > AL+ -+ e1=16
A2 + A2 +
Type 2 z-axist A2 — Az —
Al + + + > A1 + — + er =28
Ao — Ao —
Type 3 z-axist A1 + A1 +
A + + + = A2 + — + e3 =18
A1 + A +
Type 4 z-axist A1 + A1 +
Ap — — — — Ao — + — e4 =8
A1 + A1 +

by flipping a spin+ (resp.—) in the A,-plane (resp.Ai-plane) (see table 1 where all

the possible single-site excitations of the ground states are pictured). Hen@e o0

the degeneracy is lifted because different arrangements of the layer magnetizations have
different entropies. Moreover, the bilayer ground state is the unique ground state which has
a largest number of lowest-energy excitations and then more entropies. Therefore, it will be
expected that it is the unique dominant ground state (here the domination means that there
is a finite family of ground states having a greater number of lowest-energy excitations,
and then the minimal free energy, than all the other ground states). In the case under our
investigation, the domination means the existence of a unique pure phase ‘bilayer phase’ at
low temperatures. We notice that whenever one gets a good control of the contribution of all
the lowest-energy excitations (elementary excitations) then the contribution of all the higher-
order excitations would not qualitatively change the picture. Clearly, in dimension two, if
we consider the{)-ground state and flip a segment with an arbitrary length of up spins on
A»; one observes that we only have an energy equal to that corresponding to a single-site
excitation. Then it is obvious that a control of the lowest-energy excitations is lacking
and the model is said to be irregular (the regularity means that the energy of an excitation
increases with the size of its support [5]). It follows that in the two-dimensional case the
nature of the phase transition between the ferromagnetic phases and the bilayer phase is
still an open problem.

For the three-dimensional case one can easily see that the model is regular but the
energy cost may be only proportional to the perimeter of the surface delimiting the domains
containing two different coexisting ground states. Then the Peierls condition [5], which is
verified for a large class of models withfiaite number of ground states, is lacking for our
Hamiltonian Hp.

To resolve the problem we use the earlier extension of the Pirogov—Sinai (PS) theory of
first-order phase transitions [6] to certain models with an infinite number of ground states.
This extension was performed by Bricmont and Slawny (BS) [7] under two assumptions
satisfied by our Hamiltoniaif,. Namely,

e the ground states have layered structures, then the so-called conditiof] (or the
layered condition which means that the ground states of the model is not relatively too
large) is satisfied;
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e a configuration which is ‘excited’ in a small region of the lattice surrounded by a region
with a configuration having the lowest possible energy can be exchanged (‘retouched’) in
this region in a unique way so that the energy has the lowest possible value everywhere
(this is the retouch property in [7], see figure 3 for an example).

2. Ground states of the model

To define more precisely the structure of the ground states of the model we write the
Hamiltonian H in terms of a potentialp, such that,

H=Y Ho= o, Hy=Y @, (2.1)

where,

%C:_g[ ) a,.a,}_j[ RS a,} and

(i,j)Cec ieAiNc ieAsNc
nw
(I)M,C:_g E 0i — E Oi
ieA1Nc ieAoNe

andc is an elementary cube of the lattic®. We verify that there exists a configuration
Y such thatd.(Y) = ¢. = miny (®.(X)) for any cubec. It is the m-potential condition in
[5].

The structure of the ground states of the Hamiltonk&anis simply given by comparing
the energies corresponding to different configurations on a given eubé/e obtain that
the only configurations which give rise to a ground state are those in figure 2. We denote
F-ground stategG*) (corresponding to+' and ‘—’ ferromagnetic ground states) the
configurations in which all the cubes are of kifd The B-ground statéG?) (corresponding
to the bilayer ground state) is the configuration in which all the cubes are of&irdence,
when u < 0 the model only has the twé'-ground states (related by spin—flip symmetry
of the Hamiltonian for translation invariant states). kor> 0 there is only one ground
state (bilayer ground state). But far= 0 the model exhibits an infinite number of ground
states.

Cube of type F Cube of type F

Figure 2. The three regular cubes; all other cubes are irregular. (Here the full (resp. empty)
circles denote the()-spin (resp. the<{)-spin).
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(a)

-+

Figure 3. (a) A type of a removable excitation; the hatched cubes set the support of this
elementary excitation.b) A type of non-removable excitation; there is no global ground state
equal to () and () on their repective domains. The dotted cubes set the support of this
elementary excitation (resp. to BS theory).

3. The low-temperature phase diagram

To construct the low-temperature phase diagram of the model in the paramete(Bpage
for u small enough(u = h — 2), one proceeds as follows.

e We consider an excitation of a given ground stake,and we define the set of its
elementary excitations as the family of disjoint-connected components having an energy
greater than the energy ¢f.

e We fix a cut-off energyE and we consider all the excitations whose energy (relative
to G) does not exceed. Since the model is regular, the set of all these excitations (we
call the G-restricted ensemble) forms a gas of elementary excitations with a finite number
of species interacting via a hard-core exclusion potential [5]. Namelyxfe’f be the
G-restricted ensemble, then the partition function with a boundary conditigiven by:

Ze(AG) = ) exp(—ﬁ > <1>L.<X>). (3.1)

Xex§ cNA£D

To compute the restricted free energyf(G), we need the following algebraic
formalism.

e We introduce a formal Hamiltoniar(¢) = > 9 (X)H(X). Herev is a
multiplicity function defined on the set of all the elementary excitationsGosuch that
(X)) ={0,1,2,...},

e To any configurationZ € Xf'E, we associate the characteristic multiplicity function,
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7, defined on the set of elementary excitationsZofsuch that:

1 if X is a component o
Vz(X) = .
0 otherwise.
e Finally, on the set of multiplicity functions, we define the weight(?, G)
exp(—BH (1)) if 9 =, for someZ e xoF
$e(¥,G) = .
0 otherwise.
Then, the partition function of th&-restricted ensemble is given by:
Ze(A, G) = exp[ -8 ) %(G)} Y 6:@,G) (3.2)
CNAZD 9/ Ho()<E

and the cluster expansion [7] gives
log(Ze(A, G == Y PG+ Y ¢r(,G). (3.3)

CNA#)D 9/ Ho(9)<E

We recall that the Ursell functiong,.. (9, G), are nonzero (and equal, up to a combinatorial
factor, to e##®) only for ‘connected? (i.e. the elementary excitations, for whichis
nonzero, are vertices of a connected graph).

We notice that for a translation invariar®, by vectors of a subgroug® c Z3, the
convergent cluster expansion (3.3) is given by

log(Z£(A/G)) = —|Alfg (G) + O(0A])
where|dA| is the number of sites in the boundaiy of A, and
fR(G)=Bec —1Z%/ 23 Y $L®.G) (3.4)
(modZ3)/ Ho(9)<E

where

e =) 6.(G)

cCA

and|Z3/Z3| is the number of classes of the quotient grotiy Z3.

As we discussed in the preceding sections, there exists ground statkswifich are
non-periodic, then we need a local version of the formulae (3.4) by introducing the notion
of the effectivepotential which reaches its minimum value only for the dominant ground
states.

More precisely, we let the weight functiois— (¢, C) and® — x(c, #) on the sets
of cubes and multiplicity functions respectively such that for eAcand 9 we have

Y oxeO=1 Y xev=1
then it follows that the energy of the ground state per cube is

ec(e) =Y _ x(c, O)®c(G)
C

and we define the effective potential as
fR(G o) =Beg(c)— D x(c,)pp(®, G). (3.5)

U/ Ho()<E
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We notice that global free energy/ (G) is a sum of local contributions. Since here, we
only consider the elementary excitations in tierestricted ensemble i.&. = ¢y, where
X is the elementary excitation, then it follows from (3.4) that

PE(@Wx, G) = pr(Vx, G) = e PHID and x(c,9x) = 1/n.(X)

wheren.(X) is the number of excitations of kind@ intersecting the cube. Thus, we
obtain

&G, o) = Pec() = (5m(G, e + OE ") (3.6)

here the contributions oft are neglected in the exponents, because the phase diagram is
only given in the neighbourhood @f = 0.

The termni(G, ¢) is the number of excitations of type 2, 3 or 4 (see table 1) in the
ground stateG intersecting the cube, and the energy is

ec(0) = Y _(F)Pc(G)
Cic

the sum is over all cube€§ intersecting the cube. Finally, we find the low-temperature
phase diagram by comparing the effective potentials associated to the different ground states.

The main results of the (BS) theory are contained in theorems A and B.

Theorem AWhen Hy has the retouch property and the conditibrand that there is a finite
family ¢* of dominant ground states, all equivalent under symmetrieg,0fThen for low
temperatures there are exacity| different pure phaseg¢*| is the number of elements in

the family ¢*), each of them being a small perturbation of the corresponding ground states.

Theorem B.The coexistence line of the pure phases corresponding to dominant ground states
from the asymptotic one up to order 4B Ep) where D is the order yielding domination.

More precisely letu(T) be the coexistence line in the phase spétexw) and up(T)
its asymptotic line up to ordeb, then by theorem B,

1 E
FLu(T) = up(1] = 0 7).
To apply these results let us introduce teucture constants:;.(G, ¢), (i = 1, 2, 3),
which determine completely the ground stétén the set of cubes intersecting a given cube
c. We definen;.(G, ¢) for i = 1, 2 such that,

1 if ¢ is an F-cube
0 otherwise.

1 if ¢ is a B-cube

and (G, c) =
0 otherwise n2:(G, ) {

nlc(G7 C) = {
To definens. (G, ¢) we consider a family of three cubés, , ¢, c_} such thatc, (resp.c_)
is a cube sitting exactly over (resp. under) the cub&hen the number oB-cubes in such
a family {c, ¢, c_} is equal tons.(G, ¢).

In terms of these structure constants we rewrite the effective potential in (3.6) up to
first order and we get,

PG ) = =B 3+ Ena(G.0)| = 3na(G. ) +nau(G. ) = m(G. e (3.7)
Settingu = 0, one obtains
fr (G, ) = =3 — 1[nac(G, ¢) + n2(G, ¢) — n1c(G, 0)]e PF1.

The dominant ground states are those for which the nunilgKG, ¢) + na. (G, c) —
n1.(G, ¢)} is maximal. Thus the bilayer ground state is the unique dominant ground state.
Hence, by theorem A, at = 2 there is exactly one pure phase at low temperatures
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corresponding to the bilayer ground state. Now, by setfiig”“* (G”, ¢) = fr~""(G?, ¢)
one obtainah‘gfl = —%e%h. Therefore, by theorem B, there exists a lifie> uf2(T)

defined forT small enough such that
1 Ep
) =5 (D] = O 7)

and then the low temperature phase diagram is as follows.
For any temperaturé&,

o if u> ufB(T), the Gibbs state of the model is the unique bilayer phase,
o if u < uB(T) the phase diagram exhibits the coexistence of two ferromagnetic phases.

Finally, at = u™8(T) all these three phases coexist (see figure 4).

NS

7B
H(n >

n
A
7

Figure 4. The low-temperature phase diagram of the layered field Ising model.

4. Conclusion

The low-temperature phase diagram of the three-dimensional Ising model in a layered
magnetic field is found in which we pass from the ferromagnetic phases to the bilayer
phase by a first-order transition as we vary the layered magnetic field. Further, we have
determined the characteristic of the transition line at low temperature.

Moreover, the model in two dimensions is studied in [4] using the finite size scaling
approximation method where the phase diagram shows a second-order phase transition line
between the ferromagnetic phases and the bilayer phase. In this paper, we have proved,
using the BS theory, that in three dimensions the phase transition is of first order.

Appendix. The retouch property of the model

To prove the retouch property we need to introduce some definitions. Namely, for a non-
negative number]; and for a domainA, we define an-boundary,d; A, of A such that
WA = {a € A : distla, A°) < I} and we also define akneighbourhood, 4, {], of A
such that p\, 1] = {a € Z3 : dist(a, A) < I}. Here dista, A) = min,c, (dist(a, b)) and
dist(a, b) = max |a; — b;|.

For a finite subset in Z3, we define the set of partial configurations,, as the set
of configurations X, whose domain (doiiX)) is A. The subsets of the configurations,
in x, satisfying®.(X) = ¢.,c C A; (with ¢. = miny(d.(X))) are called local ground
states. FotZ® the local ground states lead to the usual global ground states.

A partial configuration, X, is an excitation of a local ground statg, if its restriction
to thel-boundary of its domain corresponds to the local ground st@teWe say that a
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dom(X)

Figure Al. Diagram for a proof of the retouch property of the model.

partial configurationX is contained in a partial configuratian, X c Y if Y is equal toX
on dom(). An excitation which does not properly contain another one is an elementary
excitation.

To an excitation X, we associate its energy (relative to a local ground state),

Ho(X) = Y [®0.(X) — ol
ccdom(X)
We define the support of, (supgX)), as the set of cubes (contained in the domairX pf
for which the term®q .(X) — ¢o., is strictly positive.

Finally we recall that a model has the retouch property if for any endfgy, O, there
exists/(E) such that for all > I(E) all the elementary excitations with energy smaller than
E are removable. It means that the ground states extend uniquely from the boundaries.

Let us consider a parallelepiped formed by the union of elementary cubes and define
thelevel of a cubec in that parallelepiped ag(c) = min,(z(M € ¢)), whereM is a lattice
site with a coordinatez (M), on thez-axis.

Since the ground states have layered structures perpendicular teattie, we remark
that all the cubes with the same level in the parallelepiped are of the same Ryp& (
B-cubes in figure 2).

Since our model is regular then for a given elementary excitation whose energy
Ho(X) < E, there exists a finité(E) such that the support of is contained in a smaller
parallelepiped Po, which in turn is contained in the interior of another parallelepiped which
we denoteA, contained in dorX) (figure Al). N

Now we consider a domainn defined as the complement &5 in A (i.e. a domain
consisting of the parallelepiped with a cut-out smaller parallelepipe®). One obtains
that A is the union of six overlapping parallelepipeds.;, Ayi, Azi;i =+, —).

First suppose that all the cubes &fare F-cubes, i.e. the surrounding ground state is
the F-ground state, then one can uniquely extend the ground statetofthe ground state
of A. Second, suppose that one cube/ofs a B-cube of levelzg and suppose that it is
contained inA, ., then all the cubes oA\, ; with level zo are B-cubes. Because of the
overlapping between the parallelepipedsfaf, and A, ;(i = +, —) there exists a family
of B-cubes of level contained in both of them. Therefore, all the cubes of leyein
A, (i = +,—) are B-cubes. Now, starting by3-cubes with levely in A,; and since
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they overlap withA _ then, by the preceding remark, one can easily show that all the
cubes of levek of the parallelepiped\, _ are B-cubes. Hence, all the cubes of levgl

of the parallelepiped\ are B-cubes. That implies that the extension of the ground state

of A to that of A is unique. Finally if there are many levels wiBrcubes occurring im

one can, in the same manner as above, prove the uniqueness of the extension to a unique
ground state and then conclude the proof.
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